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Inputs:   Graph                 ,      vertex features
<latexit sha1_base64="QssTl3WBXZHAsplkjTVReT+fZj0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgtlJJIUTdC0Y3LCvYBTSyTyaQdOnkwMxFLmp9w46+4caGIW8Gdf+M0zUJbDwwczjmXO/c4EaNCGsa3trS8srq2Xtgobm5t7+zqe/ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV1O/c0+4oGFwK8cRsX00CKhHMZJK6uvVLryAlkMHsAwf7pKyWUmr0GJuKEU1EybtSSWdJSp9vWTUjAxwkZg5KYEczb7+Zbkhjn0SSMyQED3TiKSdIC4pZiQtWrEgEcIjNCA9RQPkE2En2VUpPFaKC72QqxdImKm/JxLkCzH2HZX0kRyKeW8q/uf1Yumd2wkNoliSAM8WeTGDMoTTiqBLOcGSjRVBmFP1V4iHiCMsVZFFVYI5f/IiaZ/UzNNa/aZealzmdRTAITgCZWCCM9AA16AJWgCDR/AMXsGb9qS9aO/axyy6pOUzB+APtM8fn4mcBQ==</latexit>

X =
�
x(1), . . . , x(|V |)�<latexit sha1_base64="stwGpeP45ojaerCsSPUQeVnKC80=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdKepFKIrosYL9kHYp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHEmTau++1klpZXVtey67mNza3tnfzuXl2HsSK0RkIeqmaANeVM0pphhtNmpCgWAaeNYHg98RtPVGkWygcziqgvcF+yHiPYWOnxFl2iYv3k5riTL7gldwq0SLyUFCBFtZP/andDEgsqDeFY65bnRsZPsDKMcDrOtWNNI0yGuE9blkosqPaT6cFjdGSVLuqFypY0aKr+nkiw0HokAtspsBnoeW8i/ue1YtO78BMmo9hQSWaLejFHJkST71GXKUoMH1mCiWL2VkQGWGFibEY5G4I3//IiqZ+WvLNS+b5cqFylcWThAA6hCB6cQwXuoAo1ICDgGV7hzVHOi/PufMxaM046sw9/4Hz+ADOwjrk=</latexit>
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i 2 V
<latexit sha1_base64="p9tOilTXVOtreexYxeNDfarfMOc="></latexit>

h(0,i) := x(i)

<latexit sha1_base64="stwGpeP45ojaerCsSPUQeVnKC80=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdKepFKIrosYL9kHYp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHEmTau++1klpZXVtey67mNza3tnfzuXl2HsSK0RkIeqmaANeVM0pphhtNmpCgWAaeNYHg98RtPVGkWygcziqgvcF+yHiPYWOnxFl2iYv3k5riTL7gldwq0SLyUFCBFtZP/andDEgsqDeFY65bnRsZPsDKMcDrOtWNNI0yGuE9blkosqPaT6cFjdGSVLuqFypY0aKr+nkiw0HokAtspsBnoeW8i/ue1YtO78BMmo9hQSWaLejFHJkST71GXKUoMH1mCiWL2VkQGWGFibEY5G4I3//IiqZ+WvLNS+b5cqFylcWThAA6hCB6cQwXuoAo1ICDgGV7hzVHOi/PufMxaM046sw9/4Hz+ADOwjrk=</latexit>
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i 2 V
<latexit sha1_base64="UW9qQt8iD8P4XKX/KdPp1X+/URQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPUiFL148FDBfkAbymazaZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMzzE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0ctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfuju5nfHlOpWCye9CShXoQHgoWMYG2kvm1zdIPcCurxINaqgh76dtmpOnOgVeLmpAw5Gn37qxfEJI2o0IRjpbquk2gvw1Izwum01EsVTTAZ4QHtGipwRJWXzS+fojOjBCiMpSmh0Vz9PZHhSKlJ5JvOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkABk5RoPjEEE8nMrYgMscREm7BKJgR3+eVV0rqoupfV2mOtXL/N4yjCCZzCObhwBXW4hwY0gcAYnuEV3qzMerHerY9Fa8HKZ47hD6zPH8dokdQ=</latexit>
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i 2 V
<latexit sha1_base64="UW9qQt8iD8P4XKX/KdPp1X+/URQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPUiFL148FDBfkAbymazaZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMzzE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0ctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfuju5nfHlOpWCye9CShXoQHgoWMYG2kvm1zdIPcCurxINaqgh76dtmpOnOgVeLmpAw5Gn37qxfEJI2o0IRjpbquk2gvw1Izwum01EsVTTAZ4QHtGipwRJWXzS+fojOjBCiMpSmh0Vz9PZHhSKlJ5JvOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkABk5RoPjEEE8nMrYgMscREm7BKJgR3+eVV0rqoupfV2mOtXL/N4yjCCZzCObhwBXW4hwY0gcAYnuEV3qzMerHerY9Fa8HKZ47hD6zPH8dokdQ=</latexit>

l = 1, . . . , L

<latexit sha1_base64="p9tOilTXVOtreexYxeNDfarfMOc="></latexit>

h(0,i) := x(i)

<latexit sha1_base64="stwGpeP45ojaerCsSPUQeVnKC80=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdKepFKIrosYL9kHYp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHEmTau++1klpZXVtey67mNza3tnfzuXl2HsSK0RkIeqmaANeVM0pphhtNmpCgWAaeNYHg98RtPVGkWygcziqgvcF+yHiPYWOnxFl2iYv3k5riTL7gldwq0SLyUFCBFtZP/andDEgsqDeFY65bnRsZPsDKMcDrOtWNNI0yGuE9blkosqPaT6cFjdGSVLuqFypY0aKr+nkiw0HokAtspsBnoeW8i/ue1YtO78BMmo9hQSWaLejFHJkST71GXKUoMH1mCiWL2VkQGWGFibEY5G4I3//IiqZ+WvLNS+b5cqFylcWThAA6hCB6cQwXuoAo1ICDgGV7hzVHOi/PufMxaM046sw9/4Hz+ADOwjrk=</latexit>

G = (V,E)
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B
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h(l,i) = agg

({

W (l)h(l−1,j) : j ∈ neighbors(i)
})



Message-Passing GNNs

Inputs:   Graph                 ,      vertex features

Initialize:                                   for

Common Update Rule:  At layer                                 for 

<latexit sha1_base64="QssTl3WBXZHAsplkjTVReT+fZj0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgtlJJIUTdC0Y3LCvYBTSyTyaQdOnkwMxFLmp9w46+4caGIW8Gdf+M0zUJbDwwczjmXO/c4EaNCGsa3trS8srq2Xtgobm5t7+zqe/ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV1O/c0+4oGFwK8cRsX00CKhHMZJK6uvVLryAlkMHsAwf7pKyWUmr0GJuKEU1EybtSSWdJSp9vWTUjAxwkZg5KYEczb7+Zbkhjn0SSMyQED3TiKSdIC4pZiQtWrEgEcIjNCA9RQPkE2En2VUpPFaKC72QqxdImKm/JxLkCzH2HZX0kRyKeW8q/uf1Yumd2wkNoliSAM8WeTGDMoTTiqBLOcGSjRVBmFP1V4iHiCMsVZFFVYI5f/IiaZ/UzNNa/aZealzmdRTAITgCZWCCM9AA16AJWgCDR/AMXsGb9qS9aO/axyy6pOUzB+APtM8fn4mcBQ==</latexit>

X =
�
x(1), . . . , x(|V |)�

<latexit sha1_base64="p3Zd+Zu2MdSHG1vaM94R5j75nSA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fipw0mfS9IelCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLc6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMfydDrpAZMbWEMsXtrYSNqaLM2IRKNgRv9eV10r6qevVq7aFWadzmcRThDM7hEjy4hgbcQxNawGACz/AKb07ivDjvzseyteDkM6fwB87nD2t+jvs=</latexit>

i 2 V

<latexit sha1_base64="p3Zd+Zu2MdSHG1vaM94R5j75nSA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fipw0mfS9IelCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLc6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMfydDrpAZMbWEMsXtrYSNqaLM2IRKNgRv9eV10r6qevVq7aFWadzmcRThDM7hEjy4hgbcQxNawGACz/AKb07ivDjvzseyteDkM6fwB87nD2t+jvs=</latexit>

i 2 V
<latexit sha1_base64="UW9qQt8iD8P4XKX/KdPp1X+/URQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPUiFL148FDBfkAbymazaZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMzzE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0ctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfuju5nfHlOpWCye9CShXoQHgoWMYG2kvm1zdIPcCurxINaqgh76dtmpOnOgVeLmpAw5Gn37qxfEJI2o0IRjpbquk2gvw1Izwum01EsVTTAZ4QHtGipwRJWXzS+fojOjBCiMpSmh0Vz9PZHhSKlJ5JvOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkABk5RoPjEEE8nMrYgMscREm7BKJgR3+eVV0rqoupfV2mOtXL/N4yjCCZzCObhwBXW4hwY0gcAYnuEV3qzMerHerY9Fa8HKZ47hD6zPH8dokdQ=</latexit>

l = 1, . . . , L

<latexit sha1_base64="p9tOilTXVOtreexYxeNDfarfMOc="></latexit>

h(0,i) := x(i)

<latexit sha1_base64="stwGpeP45ojaerCsSPUQeVnKC80=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdKepFKIrosYL9kHYp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHEmTau++1klpZXVtey67mNza3tnfzuXl2HsSK0RkIeqmaANeVM0pphhtNmpCgWAaeNYHg98RtPVGkWygcziqgvcF+yHiPYWOnxFl2iYv3k5riTL7gldwq0SLyUFCBFtZP/andDEgsqDeFY65bnRsZPsDKMcDrOtWNNI0yGuE9blkosqPaT6cFjdGSVLuqFypY0aKr+nkiw0HokAtspsBnoeW8i/ue1YtO78BMmo9hQSWaLejFHJkST71GXKUoMH1mCiWL2VkQGWGFibEY5G4I3//IiqZ+WvLNS+b5cqFylcWThAA6hCB6cQwXuoAo1ICDgGV7hzVHOi/PufMxaM046sw9/4Hz+ADOwjrk=</latexit>

G = (V,E)
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h(l,i) = prod

({

W (l)h(l−1,j) : j ∈ neighbors(i)
})
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GNNs for Vertex vs Graph Prediction

After 𝐿 layers the GNN produces 
<latexit sha1_base64="PZtUerWzd8Iu6COPxhpqUKgC/rI=">AAACCHicdZDLSgMxFIYz9VbrbdSlC4NFaKEMM6VUl0U3LlxUsBdox5LJZNrQzIUkI5Rpl258FTcuFHHrI7jzbcx0KqjoDyE/3zmH5PxOxKiQpvmh5ZaWV1bX8uuFjc2t7R19d68twphj0sIhC3nXQYIwGpCWpJKRbsQJ8h1GOs74PK13bgkXNAyu5SQito+GAfUoRlKhgX44uklKlxWrPKvAPnNDKSowQ3DanpZnA71oGnVTyYKmUUvvqjLVjFiGOVcRLNQc6O99N8SxTwKJGRKiZ5mRtBPEJcWMzAr9WJAI4TEakp6yAfKJsJP5IjN4rIgLvZCrE0g4p98nEuQLMfEd1ekjORK/ayn8q9aLpXdqJzSIYkkCnD3kxQzKEKapQJdygiWbKIMwp+qvEI8QR1iq7AoqhK9N4f+mXTWsulG7qhUbZ4s48uAAHIESsMAJaIAL0AQtgMEdeABP4Fm71x61F+01a81pi5l98EPa2yd+opfC</latexit>

h(L,1), . . . , h(L,|V |)
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GNNs for Vertex vs Graph Prediction

After 𝐿 layers the GNN produces 
<latexit sha1_base64="PZtUerWzd8Iu6COPxhpqUKgC/rI=">AAACCHicdZDLSgMxFIYz9VbrbdSlC4NFaKEMM6VUl0U3LlxUsBdox5LJZNrQzIUkI5Rpl258FTcuFHHrI7jzbcx0KqjoDyE/3zmH5PxOxKiQpvmh5ZaWV1bX8uuFjc2t7R19d68twphj0sIhC3nXQYIwGpCWpJKRbsQJ8h1GOs74PK13bgkXNAyu5SQito+GAfUoRlKhgX44uklKlxWrPKvAPnNDKSowQ3DanpZnA71oGnVTyYKmUUvvqjLVjFiGOVcRLNQc6O99N8SxTwKJGRKiZ5mRtBPEJcWMzAr9WJAI4TEakp6yAfKJsJP5IjN4rIgLvZCrE0g4p98nEuQLMfEd1ekjORK/ayn8q9aLpXdqJzSIYkkCnD3kxQzKEKapQJdygiWbKIMwp+qvEI8QR1iq7AoqhK9N4f+mXTWsulG7qhUbZ4s48uAAHIESsMAJaIAL0AQtgMEdeABP4Fm71x61F+01a81pi5l98EPa2yd+opfC</latexit>

h(L,1), . . . , h(L,|V |)

Graph Prediction: Single output for the whole graph

<latexit sha1_base64="5ya4Lc3VL9Ax1plb+xLU428sPpg="></latexit>

GNN(X) = W (o)agg
�
h(L,1), . . . , h(L,|V |)�
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GNNs for Vertex vs Graph Prediction

After 𝐿 layers the GNN produces 
<latexit sha1_base64="PZtUerWzd8Iu6COPxhpqUKgC/rI=">AAACCHicdZDLSgMxFIYz9VbrbdSlC4NFaKEMM6VUl0U3LlxUsBdox5LJZNrQzIUkI5Rpl258FTcuFHHrI7jzbcx0KqjoDyE/3zmH5PxOxKiQpvmh5ZaWV1bX8uuFjc2t7R19d68twphj0sIhC3nXQYIwGpCWpJKRbsQJ8h1GOs74PK13bgkXNAyu5SQito+GAfUoRlKhgX44uklKlxWrPKvAPnNDKSowQ3DanpZnA71oGnVTyYKmUUvvqjLVjFiGOVcRLNQc6O99N8SxTwKJGRKiZ5mRtBPEJcWMzAr9WJAI4TEakp6yAfKJsJP5IjN4rIgLvZCrE0g4p98nEuQLMfEd1ekjORK/ayn8q9aLpXdqJzSIYkkCnD3kxQzKEKapQJdygiWbKIMwp+qvEI8QR1iq7AoqhK9N4f+mXTWsulG7qhUbZ4s48uAAHIESsMAJaIAL0AQtgMEdeABP4Fm71x61F+01a81pi5l98EPa2yd+opfC</latexit>

h(L,1), . . . , h(L,|V |)

Graph Prediction: Single output for the whole graph

<latexit sha1_base64="5ya4Lc3VL9Ax1plb+xLU428sPpg="></latexit>

GNN(X) = W (o)agg
�
h(L,1), . . . , h(L,|V |)�

Vertex Prediction: Output for every
<latexit sha1_base64="ngWFlGYiEz9145a3UdiHNQ6nxXM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKHSR9oUh7UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLcGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjMfydDoTlDObWEMi3srYSNqaYMbUIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB3xsjwY=</latexit>

t 2 V

<latexit sha1_base64="E1kxibXhZlHEMi6cuUHG03ARI3A="></latexit>

GNN (t)(X) = W (o)h(L,t)
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• Analyses of convolutional, recurrent, and self-attention NNs

Separation Rank

Widely used measure for interaction modeled across partition of input variables

• Measure of entanglement in quantum mechanics

(e.g. Cohen & Shashua 2017, Levine et al. 2018;2020, R et al. 2022)

vertices of an input graph
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Separation Rank: Formal Definition

Let                                   and subset of variables 
<latexit sha1_base64="WwUDf5ULLnErp2yoTsNayy/6u8o=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRSVFwVdeFKqtgHNGmZTCft0MkkzEyEErp346+4caGIW3/AnX/jpA2orQcGDufcy9xzvIhRqSzry1hYXFpeWc2t5dc3Nre2zZ3dhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS94UXqN++JkDTkd2oUETdAfU59ipHSUtcs+Gew5ARIDTwvuR13Lg8719BRIfzRumbRKlsTwHliZ6QIMtS65qfTC3EcEK4wQ1K2bStSboKEopiRcd6JJYkQHqI+aWvKUUCkm0yyjOGBVnrQD4V+XMGJ+nsjQYGUo8DTk+mFctZLxf+8dqz8UzehPIoV4Xj6kR8zqLOmxcAeFQQrNtIEYUH1rRAPkEBY6fryugR7NvI8aRyV7eNy5aZSrJ5ndeTAPiiAErDBCaiCK1ADdYDBA3gCL+DVeDSejTfjfTq6YGQ7e+APjI9vaqOaDg==</latexit>

f : (RD)N ! R

! ( )
<latexit sha1_base64="gQX5bdyQvKKnNLcO4pyQOQ9QoKg=">AAACD3icbVA9SwNBEN3zM8avqKXNYlAsQriToJZBG20kgvmAXAh7m0myZO/D3TkhHPkHNv4VGwtFbG3t/Ddukis08cHA470ZZuZ5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNj2mQIoAqCpTQiBQw35NQ9waXY7/+AEqLMLjDYQQtn/UC0RWcoZHauSPXZ9jnTCbXI+rq2NOAcE/dxClQV3ZC1AV6447aubxdtCeg88RJSZ6kqLRzX24n5LEPAXLJtG46doSthCkUXMIo68YaIsYHrAdNQwPmg24lk39G9NAoHdoNlakA6UT9PZEwX+uh75nO8fV61huL/3nNGLvnrUQEUYwQ8OmibiwphnQcDu0IBRzl0BDGlTC3Ut5ninE0EWZNCM7sy/OkdlJ0Toul21K+fJHGkSH75IAcE4eckTK5IhVSJZw8kmfySt6sJ+vFerc+pq0LVjqzR/7A+vwB9kqb+A==</latexit>

I ✓ {1, . . . , N}
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Separation Rank: Formal Definition

Let                                   and subset of variables 
<latexit sha1_base64="WwUDf5ULLnErp2yoTsNayy/6u8o=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRSVFwVdeFKqtgHNGmZTCft0MkkzEyEErp346+4caGIW3/AnX/jpA2orQcGDufcy9xzvIhRqSzry1hYXFpeWc2t5dc3Nre2zZ3dhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS94UXqN++JkDTkd2oUETdAfU59ipHSUtcs+Gew5ARIDTwvuR13Lg8719BRIfzRumbRKlsTwHliZ6QIMtS65qfTC3EcEK4wQ1K2bStSboKEopiRcd6JJYkQHqI+aWvKUUCkm0yyjOGBVnrQD4V+XMGJ+nsjQYGUo8DTk+mFctZLxf+8dqz8UzehPIoV4Xj6kR8zqLOmxcAeFQQrNtIEYUH1rRAPkEBY6fryugR7NvI8aRyV7eNy5aZSrJ5ndeTAPiiAErDBCaiCK1ADdYDBA3gCL+DVeDSejTfjfTq6YGQ7e+APjI9vaqOaDg==</latexit>

f : (RD)N ! R

! ( )
<latexit sha1_base64="IuvelXMxBqx1v6xCmBCpeOjGM0o="></latexit>

sep(f ; I) := min R s.t. f(X) =
XR

r=1
gr(XI) · ḡr(XIc)

<latexit sha1_base64="gQX5bdyQvKKnNLcO4pyQOQ9QoKg=">AAACD3icbVA9SwNBEN3zM8avqKXNYlAsQriToJZBG20kgvmAXAh7m0myZO/D3TkhHPkHNv4VGwtFbG3t/Ddukis08cHA470ZZuZ5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNj2mQIoAqCpTQiBQw35NQ9waXY7/+AEqLMLjDYQQtn/UC0RWcoZHauSPXZ9jnTCbXI+rq2NOAcE/dxClQV3ZC1AV6447aubxdtCeg88RJSZ6kqLRzX24n5LEPAXLJtG46doSthCkUXMIo68YaIsYHrAdNQwPmg24lk39G9NAoHdoNlakA6UT9PZEwX+uh75nO8fV61huL/3nNGLvnrUQEUYwQ8OmibiwphnQcDu0IBRzl0BDGlTC3Ut5ninE0EWZNCM7sy/OkdlJ0Toul21K+fJHGkSH75IAcE4eckTK5IhVSJZw8kmfySt6sJ+vFerc+pq0LVjqzR/7A+vwB9kqb+A==</latexit>
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Separation Rank: Formal Definition

Let                                   and subset of variables 
<latexit sha1_base64="WwUDf5ULLnErp2yoTsNayy/6u8o=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRSVFwVdeFKqtgHNGmZTCft0MkkzEyEErp346+4caGIW3/AnX/jpA2orQcGDufcy9xzvIhRqSzry1hYXFpeWc2t5dc3Nre2zZ3dhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS94UXqN++JkDTkd2oUETdAfU59ipHSUtcs+Gew5ARIDTwvuR13Lg8719BRIfzRumbRKlsTwHliZ6QIMtS65qfTC3EcEK4wQ1K2bStSboKEopiRcd6JJYkQHqI+aWvKUUCkm0yyjOGBVnrQD4V+XMGJ+nsjQYGUo8DTk+mFctZLxf+8dqz8UzehPIoV4Xj6kR8zqLOmxcAeFQQrNtIEYUH1rRAPkEBY6fryugR7NvI8aRyV7eNy5aZSrJ5ndeTAPiiAErDBCaiCK1ADdYDBA3gCL+DVeDSejTfjfTq6YGQ7e+APjI9vaqOaDg==</latexit>

f : (RD)N ! R

! ( )
<latexit sha1_base64="IuvelXMxBqx1v6xCmBCpeOjGM0o="></latexit>

sep(f ; I) := min R s.t. f(X) =
XR

r=1
gr(XI) · ḡr(XIc)

Higher                       
<latexit sha1_base64="Yl3E2l1s4/QQ9oG3KlJAVoBsmHU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRSVHBTdKO7CvYBTSiT6aQdOnkwcyOW0IUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufceLxZcgWV9G0vLK6tr64WN4ubW9s6uubffUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXWV++55JxaPwDsYxcwMyCLnPKQEt9cySA+wBUsXiCa74F9gJCAwpEenN5Lhnlq2qNQVeJHZOyihHo2d+Of2IJgELgQqiVNe2YnBTIoFTwSZFJ9F7CB2RAetqGpKAKTedPjHBR1rpYz+SukLAU/X3REoCpcaBpzuzG9W8l4n/ed0E/HM35WGcAAvpbJGfCAwRzhLBfS4ZBTHWhFDJ9a2YDokkFHRuRR2CPf/yImmdVO3Tau22Vq5f5nEUUAkdogqy0Rmqo2vUQE1E0SN6Rq/ozXgyXox342PWumTkMwfoD4zPHy0Cl8w=</latexit>

sep(f ; I) stronger interaction between           and 
<latexit sha1_base64="SJIlfz+b9kjHhyLnzvNi/tlMox8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6LbnRXwT6gDWEynbZDJ5MwMxFqyJe4caGIWz/FnX/jpM1CWw8MHM65l3vmBDFnSjvOt1VaW9/Y3CpvV3Z29/ar9sFhR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9Cb3u49UKhaJBz2LqRfisWAjRrA2km9Xe346CLGeEMzTuyzz7ZpTd+ZAq8QtSA0KtHz7azCMSBJSoQnHSvVdJ9ZeiqVmhNOsMkgUjTGZ4jHtGypwSJWXzoNn6NQoQzSKpHlCo7n6eyPFoVKzMDCTeUa17OXif14/0aMrL2UiTjQVZHFolHCkI5S3gIZMUqL5zBBMJDNZEZlgiYk2XVVMCe7yl1dJ57zuXtQb941a87qoowzHcAJn4MIlNOEWWtAGAgk8wyu8WU/Wi/VufSxGS1axcwR/YH3+ACxbk3A=</latexit>

XI
<latexit sha1_base64="r/my0oerbFjDint9lpNcB5GY4Ac=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiRS1GXRje4q2Ae0MUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkorq2vrG+XNytb2zu6eWd3vyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNefXOV+94EISSN+p6YxcUM04jSgGCkteWa156WDEKkxRiy9ye5x5pk1u27PYC0TpyA1KNDyzK/BMMJJSLjCDEnZd+xYuSkSimJGssogkSRGeIJGpK8pRyGRbjqLnlnHWhlaQST048qaqb83UhRKOQ19PZmnlIteLv7n9RMVXLgp5XGiCMfzQ0HCLBVZeQ/WkAqCFZtqgrCgOquFx0ggrHRbFV2Cs/jlZdI5rTtn9cZto9a8LOoowyEcwQk4cA5NuIYWtAHDIzzDK7wZT8aL8W58zEdLRrFzAH9gfP4Ap5+URQ==</latexit>

XIc

<latexit sha1_base64="gQX5bdyQvKKnNLcO4pyQOQ9QoKg=">AAACD3icbVA9SwNBEN3zM8avqKXNYlAsQriToJZBG20kgvmAXAh7m0myZO/D3TkhHPkHNv4VGwtFbG3t/Ddukis08cHA470ZZuZ5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNj2mQIoAqCpTQiBQw35NQ9waXY7/+AEqLMLjDYQQtn/UC0RWcoZHauSPXZ9jnTCbXI+rq2NOAcE/dxClQV3ZC1AV6447aubxdtCeg88RJSZ6kqLRzX24n5LEPAXLJtG46doSthCkUXMIo68YaIsYHrAdNQwPmg24lk39G9NAoHdoNlakA6UT9PZEwX+uh75nO8fV61huL/3nNGLvnrUQEUYwQ8OmibiwphnQcDu0IBRzl0BDGlTC3Ut5ninE0EWZNCM7sy/OkdlJ0Toul21K+fJHGkSH75IAcE4eckTK5IhVSJZw8kmfySt6sJ+vFerc+pq0LVjqzR/7A+vwB9kqb+A==</latexit>

I ✓ {1, . . . , N}
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Definition: Walk Index (WI) of a Partition of Vertices
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Graph Prediction (with depth 𝐿 GNN)

# length 𝐿 − 1 walks from boundary
<latexit sha1_base64="BibpDeCBJYHMv6rRRWlGhjVfY7Y="></latexit>

WIL�1(I) :=

— partition boundaryboundary
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Graph Prediction (with depth 𝐿 GNN)

# length 𝐿 − 1 walks from boundary
<latexit sha1_base64="BibpDeCBJYHMv6rRRWlGhjVfY7Y="></latexit>

WIL�1(I) :=

— partition boundaryboundary



Definition: Walk Index (WI) of a Partition of Vertices

# length 𝐿 − 1 walks from boundary to 
<latexit sha1_base64="ngWFlGYiEz9145a3UdiHNQ6nxXM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKHSR9oUh7UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLcGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjMfydDoTlDObWEMi3srYSNqaYMbUIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB3xsjwY=</latexit>

t 2 V
<latexit sha1_base64="3UucL7+nlentHF3j5PCtJ0urbQM="></latexit>

WIL�1,t(I) :=

Vertex Prediction (with depth 𝐿 GNN)

12 / 34

Graph Prediction (with depth 𝐿 GNN)

# length 𝐿 − 1 walks from boundary
<latexit sha1_base64="BibpDeCBJYHMv6rRRWlGhjVfY7Y="></latexit>

WIL�1(I) :=

— partition boundaryboundary



Theorem

Main Result: Strength of Interaction ∝Walk Index

For a depth       GNN with width        and                 :
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="pDhc4Y/UWSKWKb+38j5EHazqsw8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5pXjNE=</latexit>

D
<latexit sha1_base64="/L7ZR27WgcGX0x1gKP9Fsi7x7D0=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSKeqx6EVvFewHNKFstpN26WYTdzdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2lpZXVtfWSxvlza3tnV17b7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9F17rcfQSoWi3s9TsCPyECwkFGijdSzD72I6CElPLudYE+lgQIND7jVsytO1ZkCLxK3IBVUoNGzv7x+TNMIhKacKNV1nUT7GZGaUQ6TspcqSAgdkQF0DRUkAuVn0wcm+MQofRzG0pTQeKr+nshIpNQ4Ckxnfq6a93LxP6+b6vDSz5hIUg2CzhaFKcc6xnkauM8kUM3HhhAqmbkV0yGRhGqTWdmE4M6/vEhaZ1X3vFq7q1XqV0UcJXSEjtEpctEFqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxa12yipkD9AfW5w+gzZZv</latexit>I ✓ V

13 / 34



Theorem

Main Result: Strength of Interaction ∝Walk Index

(graph prediction)
<latexit sha1_base64="pBcZbFCAdkR1OUeX4/Gb2un83Ao="></latexit>

sep(GNN ; I) = DO(WIL�1(I))

For a depth       GNN with width        and                 :
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="pDhc4Y/UWSKWKb+38j5EHazqsw8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5pXjNE=</latexit>

D
<latexit sha1_base64="/L7ZR27WgcGX0x1gKP9Fsi7x7D0=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSKeqx6EVvFewHNKFstpN26WYTdzdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2lpZXVtfWSxvlza3tnV17b7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9F17rcfQSoWi3s9TsCPyECwkFGijdSzD72I6CElPLudYE+lgQIND7jVsytO1ZkCLxK3IBVUoNGzv7x+TNMIhKacKNV1nUT7GZGaUQ6TspcqSAgdkQF0DRUkAuVn0wcm+MQofRzG0pTQeKr+nshIpNQ4Ckxnfq6a93LxP6+b6vDSz5hIUg2CzhaFKcc6xnkauM8kUM3HhhAqmbkV0yGRhGqTWdmE4M6/vEhaZ1X3vFq7q1XqV0UcJXSEjtEpctEFqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxa12yipkD9AfW5w+gzZZv</latexit>I ✓ V
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Theorem

Main Result: Strength of Interaction ∝Walk Index

(graph prediction)

(vertex prediction)

<latexit sha1_base64="pBcZbFCAdkR1OUeX4/Gb2un83Ao="></latexit>

sep(GNN ; I) = DO(WIL�1(I))

<latexit sha1_base64="37/VlYhoWOFHx0f/hSCUi2Hey7k="></latexit>

sep(GNN (t); I) = DO(WIL�1,t(I))

For a depth       GNN with width        and                 :
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="pDhc4Y/UWSKWKb+38j5EHazqsw8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5pXjNE=</latexit>

D
<latexit sha1_base64="/L7ZR27WgcGX0x1gKP9Fsi7x7D0=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSKeqx6EVvFewHNKFstpN26WYTdzdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2lpZXVtfWSxvlza3tnV17b7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9F17rcfQSoWi3s9TsCPyECwkFGijdSzD72I6CElPLudYE+lgQIND7jVsytO1ZkCLxK3IBVUoNGzv7x+TNMIhKacKNV1nUT7GZGaUQ6TspcqSAgdkQF0DRUkAuVn0wcm+MQofRzG0pTQeKr+nshIpNQ4Ckxnfq6a93LxP6+b6vDSz5hIUg2CzhaFKcc6xnkauM8kUM3HhhAqmbkV0yGRhGqTWdmE4M6/vEhaZ1X3vFq7q1XqV0UcJXSEjtEpctEFqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxa12yipkD9AfW5w+gzZZv</latexit>I ✓ V
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Theorem

Main Result: Strength of Interaction ∝Walk Index

(graph prediction)

(vertex prediction)

* Nearly matching lower bounds

<latexit sha1_base64="pBcZbFCAdkR1OUeX4/Gb2un83Ao="></latexit>

sep(GNN ; I) = DO(WIL�1(I))

<latexit sha1_base64="37/VlYhoWOFHx0f/hSCUi2Hey7k="></latexit>

sep(GNN (t); I) = DO(WIL�1,t(I))

For a depth       GNN with width        and                 :
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="pDhc4Y/UWSKWKb+38j5EHazqsw8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5pXjNE=</latexit>

D
<latexit sha1_base64="/L7ZR27WgcGX0x1gKP9Fsi7x7D0=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSKeqx6EVvFewHNKFstpN26WYTdzdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2lpZXVtfWSxvlza3tnV17b7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9F17rcfQSoWi3s9TsCPyECwkFGijdSzD72I6CElPLudYE+lgQIND7jVsytO1ZkCLxK3IBVUoNGzv7x+TNMIhKacKNV1nUT7GZGaUQ6TspcqSAgdkQF0DRUkAuVn0wcm+MQofRzG0pTQeKr+nshIpNQ4Ckxnfq6a93LxP6+b6vDSz5hIUg2CzhaFKcc6xnkauM8kUM3HhhAqmbkV0yGRhGqTWdmE4M6/vEhaZ1X3vFq7q1XqV0UcJXSEjtEpctEFqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxa12yipkD9AfW5w+gzZZv</latexit>I ✓ V

13 / 34



Theorem

Main Result: Strength of Interaction ∝Walk Index

(graph prediction)

(vertex prediction)

* Nearly matching lower bounds

<latexit sha1_base64="pBcZbFCAdkR1OUeX4/Gb2un83Ao="></latexit>

sep(GNN ; I) = DO(WIL�1(I))

<latexit sha1_base64="37/VlYhoWOFHx0f/hSCUi2Hey7k="></latexit>

sep(GNN (t); I) = DO(WIL�1,t(I))

For a depth       GNN with width        and                 :
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="pDhc4Y/UWSKWKb+38j5EHazqsw8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5pXjNE=</latexit>
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Experiment: Implications of theory apply to widespread 
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Main Contributions: Ability of GNNs to Model Interactions

Theory: Characterize ability of certain GNNs
to model interactions between vertices

Application: Edge sparsification algorithm 
preserving interactions
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Edge Sparsification: Removing edges while maintaining graph properties 

In the context of GNNs, goal is to maintain accuracy when removing edges

Our theory leads to a simple & effective algorithm for pruning edges
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Algorithm: Until desired # edges are removed

Algorithm: Walk Index Sparsification (WIS)

Idea: Greedily prune edge whose removal harms interactions the least

We focus here on vertex prediction (most relevant in large graphs)

(2) Remove edge that will keep maximal walk indices

(1) Per edge, imagine it removed and compute walk indices for preselected partitions

Theory: Leads to general scheme relying on walk indices
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Conclusion: Ability of GNNs to Model Interactions 

Theory

Going Forward: Studying modeled interactions may be key for

• Understanding aspects beyond expressivity (e.g. generalization)

• Improving performance of GNNs beyond edge sparsification

Walk index of a partition controls strength 
of interaction a GNN can model

Application

WIS: simple & efficient edge sparsification 
algorithm that outperforms alternative methods
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Language Model (LM): Neural network trained on large amounts of 
(internet) text data to produce a distribution over text

LMs are typically autoregressive

🤖
Input x Output yLM pθ

θ - parameters

pθ(y|x) =
∏L

l=1
pθ(yl|x,y≤l−1)

softmax is used for producing 
next-token probabilities
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(e.g.  Ziegler et al. 2019, Stiennon et al. 2020, Ouyang et al. 2022, Bai et al. 2022, Dubois et al. 2023, Touvron et al. 2023)

Learned from human preferences Tailored to a downstream task
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2/3)

Expected gradient for an input 
vanishes when reward std is small, 
even if reward mean is suboptimal

Note: Bound applies to expected gradients of individual inputs (as opposed to of batch/population)

*Same holds for PPO gradient

Can be problematic when finetuning text distribution differs from pretraining
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Q: Does the difficulty of RFT to maximize reward stem from 
vanishing gradients or just insufficient exploration?

∇θVθ(x)

(e.g. Ranzato et al. 2016, Choshen et al. 2020)

We address Q via controlled experiments and theoretical analysis

challenge of accurately estimating
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Theoretical Analysis

Simplified setting of linear classification over 
orthonormal data with perfect exploration

Theorem

Time it takes to correctly classify input      is:x

Ω
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1/STDy∼p
θ(0)

(·|x)[r(x,y)]
2)in RFT -

O
(

ln
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(·|x)[r(x,y)]
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Environments with perfect exploration, 
i.e. RFT has access to expected gradients

Tr
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n 
Re

w
ar

d

Simplified setting of linear classification over 
orthonormal data with perfect exploration

Theorem

Time it takes to correctly classify input      is:x

RFT struggles to maximize reward for inputs with 
small reward std despite perfect exploration

Ω
(

1/STDy∼p
θ(0)

(·|x)[r(x,y)]
2)in RFT -

O
(

ln
(

1/STDy∼p
θ(0)

(·|x)[r(x,y)]
))

in SFT -
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Main Contributions: Vanishing Gradients in RFT

Fundamental vanishing gradients
problem in RFT

∇θVθ(x) ≈ 0

Vanishing gradients are prevalent and
harm ability to maximize reward

Exploring ways to overcome vanishing 
gradients in RFT
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Overcoming Vanishing Gradients in RFT

Common Heuristics: Increasing learning rate, temperature, entropy regularization ❌

Observation: Initial SFT phase reduces number of inputs with small reward std

Importance of SFT in RFT pipeline: mitigates vanishing gradients

NarrativeQA
(train)
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A Few SFT Steps on a Small Number of Samples Suffice

The initial SFT phase does not need 
to be expensive!

Limitation of Initial SFT Phase: Requires labeled data

Expectation: If SFT phase is beneficial due to mitigating vanishing gradients for RFT

A few steps of SFT on small # of labeled samples should suffice
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∇θVθ(x) ≈ 0

Experiments + theory: vanishing gradients in RFT are 
prevalent and detrimental to maximizing reward

Initial SFT phase allows overcoming vanishing 
gradients in RFT, and does not need to be expensive

Reward std is a key quantity to track for successful RFT

Expected gradient for an input vanishes in RFT 
if the input’s reward std is small
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